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Abstract 

Accurate approximation of genomic estimated breeding value (GEBV) reliabilities is vital in single-

step genomic prediction as reliable predictions of GEBV facilitate effective selection decisions. 

However, calculating exact reliabilities by inverting the left-hand side matrix of the mixed model 

equations is computationally infeasible for large datasets. In this study, we compared two approaches 

from Luke and Interbull for approximating genomic reliabilities for both genotyped and non-

genotyped animals. The Luke approach uses effective record contributions (ERC) derived from the 

conventional EBV reliabilities as weights to approximate GEBV reliabilities for genotyped animals. A 

blended approach is used to implicitly account for residual polygenic (RPG) effects. Subsequently, 

genomic information is propagated to non-genotyped animals using ERC weights derived from the 

reliabilities of the genotyped animals. In contrast, the Interbull approach requires the derivation of a 

constant parameter, denoted 𝜑𝑐, which is the genomic effective daughter contribution (EDC) gain via

the Interbull GEBV test. This parameter is used to propagate genomic information to non-genotyped 

relatives through the pedigree. The final genomic reliabilities are obtained by combining conventional 

reliabilities with the genomic reliability gain. Notably, accuracy of reliabilities by this method highly 

depends on the precise estimation and regular updating of 𝜑𝑐. In addition, this approach requires

validation-based adjustments to correct inflated theoretical reliabilities observed in extremely large 

reference populations. In this study, both approaches were assessed and compared against exact 

reliabilities using a real dataset from the Finnish Red dairy population under a single trait model. The 

results demonstrated that the approximated reliabilities from both approaches were in close agreement 

with the exact reliabilities. Thus, both approaches can offer effective strategies for obtaining the 

reliabilities of GEBV in practical large-scale single-step evaluations.  
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Introduction 

Single-step methods (Legarra et al., 2009, 

Christensen and Lund, 2010) allow computing 

genomic estimated breeding values (GEBV) for 

both the genotyped and non-genotyped 

individuals simultaneously. Their adoption in 

routine genetic evaluations has become 

increasingly widespread in dairy cattle 

breeding. Consequently, the accurate 

computation of GEBV reliabilities has gained 

importance for supporting effective selection 

decisions. However, computing exact 

reliabilities by inverting the left-hand side of the 

mixed model equations (MME) becomes 

computationally infeasible for large-scale 

datasets. Thus, efficient approximation methods 

are needed. 

Several methods for approximating the 

reliabilities of GEBV have been proposed and 

implemented (Misztal et al., 2013, Edel et al., 

2019, Ben Zaabza et al., 2022, Bermann et al., 

2022, Gao et al., 2023). In particular, to ensure 

the international comparability of national 

genomic reliabilities, an Interbull working 

group was established in 2016 to develop a 
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standardized procedure for estimating GEBV 

reliabilities in dairy cattle genetic evaluations 

(Liu et al., 2017). A corresponding guideline 

targeting large-scale genotyped populations has 

recently been released (Liu et al., 2024). 

In this study, we compared two approaches 

for approximating genomic reliabilities for both 

genotyped and non-genotyped animals. The 

first approach, hereafter referred to as the Luke 

approach, uses effective record contributions 

(ERC) as weights within simplified SNPBLUP 

and PBLUP models to approximate GEBV 

reliabilities  (Gao et al., 2023). The second 

approach, hereafter referred to as the Interbull 

approach, combines the genomic reliability gain 

with the conventional EBV reliability to obtain 

the final GEBV reliability for all animals (Liu 

et al., 2024). 

Materials and Methods 

The Luke approach 

This is a three-step approach to approximate 

GEBV reliabilities in a single-step model that 

includes a residual polygenic (RPG) effects 

(Gao et al., 2023). 

Step 1: Compute reliabilities of direct genomic 

values (DGV) for the genotyped animals 

A simplified single-trait weighted SNPBLUP 

without RPG effects was used: 

𝐲 = 𝟏𝜇 + 𝐙𝐠 + 𝐞  (1) 

where y is an n  1 vector of (pseudo) 

phenotypes; µ is the general mean; 1 is an n  

1 vector of ones; Z is an n  m matrix of SNP 

marker covariates centered and scaled using 

VanRaden method 1 (VanRaden, 2008), g is an 

m  1 vector of the SNP marker effects; e is a 

vector of residuals. It is assumed that 

𝐠 ~ 𝑁(𝟎, 𝐈𝑚𝜎𝑢
2), and 𝐞 ~ 𝑁(𝟎, 𝐃𝑛

−1𝜎𝑒
2), where

Dn is a diagonal matrix with elements dii equal 

to the ERCi value for genotyped animal i, 

computed by reversing the method of Tier and 

Meyer (2004) using the conventional EBV 

reliabilities for the genotyped animals, and 𝜎𝑢
2

and 𝜎𝑒
2 are the additive genetic and the residual

variances, respectively. The MME for model 

(1) is:

[
𝟏′𝐃𝑛𝟏 𝟏′𝐃𝑛𝐙

𝐙′𝐃𝑛𝟏 𝐙′𝐃𝑛𝐙 + 𝜆𝐈𝑚
] [

𝜇̂
𝐠̂

] = [
𝟏′𝐃𝑛𝐲

𝐙′𝐃𝑛𝐲
]     (2) 

with 𝜆 = 𝜎𝑒
2

𝜎𝑢
2 . We partitioned and denoted the 

inverse of the LHS matrix of the MME as 

[
𝐂𝜇𝜇 𝐂𝜇𝐠

𝐂𝐠𝜇 𝐂𝐠𝐠]. The reliability of DGV for 

genotyped animal i is 𝑟𝑔,𝑔,𝑖
2∗ = 1 −  𝜆

𝐙𝑖𝐂𝐠𝐠𝐙𝑖
′

𝐆𝑖𝑖
, 

where Zi represents row i in Z, and 𝐆𝑖𝑖 is the

diagonal element i of the genomic relationship 

matrix 𝐆 = 𝐙𝐙′.

Note that the RPG effects were not explicitly 

included in model (1) to preserve the 

dimensionality and computational advantages 

of SNPBLUP model, particularly in scenarios 

where the number of individuals (n) greatly 

exceeds the number of markers (m). 

The RPG effects were accounted for by 

blending the above DGV reliabilities with the 

traditional EBV reliabilities: 

𝑟𝑔,𝑔,𝑖
2 =

(1 − 𝜔)𝐆𝑖𝑖𝑟𝐷𝐺𝑉,𝑖
2 + 𝜔𝐀22𝑖𝑖𝑟𝐸𝐵𝑉,𝑖

2

(1 − 𝜔)𝐆𝑖𝑖 + 𝜔𝐀22𝑖𝑖

 (3) 

where A22 is the submatrix of A corresponding 

to the genotyped animals, 𝐀22𝑖𝑖 is the diagonal

element i of the A22 matrix which is equal to 

1+Fi with Fi equal to the pedigree-based 

inbreeding coefficient of animal i,; 𝑟𝐷𝐺𝑉,𝑖
2  is the 

DGV reliability for animal i and 𝑟𝐸𝐵𝑉,𝑖
2  is the 

EBV reliability for animal i.  is the proportion 

of the RPG effects. 

Step 2: Calculate the genomic ERC for the 

genotyped animals 

The ERC accounting for the genomic 

information for all genotyped animals can be 

calculated as: 

𝐸𝑅𝐶𝑔 = 𝐸𝑅𝐶𝑐𝑜𝑛𝑣 +
1 − ℎ2

ℎ2
(

𝑟𝐷𝐺𝑉
2

1 − 𝑟𝐷𝐺𝑉
2

−  
𝑟𝐸𝐵𝑉

2

1 − 𝑟𝐸𝐵𝑉
2 ) 

(4) 

where 𝐸𝑅𝐶𝑐𝑜𝑛𝑣 is the conventional ERC for the

genotyped animals. Note that these genomic 

ERC values are included as weights for the 
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genotyped animals when computing the GEBV 

reliabilities for non-genotyped animals in Step 

3. 

Step 3: Compute reliabilities of GEBV for the 

non-genotyped animals 

A simplified single-trait weighted PBLUP 

model was used: 

𝐲 = 𝟏𝜇 + 𝐚 + 𝐞                                             (5) 

where y is a p  1 vector of pseudo phenotypes 

with p equal to the number animals in the 

pedigree; µ is the general mean; 1 is a p  1 

vector of ones; a represents a p  1 vector of 

additive genetic effects; e is a vector of 

residuals. It is assumed that 𝐚 ~ 𝑁(𝟎, 𝐀𝜎𝑢
2) and

𝐞 ~ 𝑁(𝟎, 𝐃𝑝
−1𝜎𝑒

2), where A is the numerator

relationship matrix and Dp is a diagonal matrix 

with elements of ERC from vector of 

[
𝐄𝐑𝐂𝑐𝑜𝑛𝑣

𝐄𝐑𝐂𝑔
], and 𝜎𝑢

2 and 𝜎𝑒
2 are the additive

genetic and residual variances, respectively. 

The Interbull approach 

This approach is a three-step approach which 

requires the Interbull GEBV test (Mäntysaari et 

al., 2010), thus it has been feasible for routine 

single-step genomic evaluation with millions of 

genotyped animals (Liu et al., 2024). The 

approach uses a parameter called genomic 

effective daughter contribution (EDC) gain (𝜑𝑐)

for genotyped animals and the propagated EDC 

(𝜑𝑖
𝑝𝑟𝑜𝑝𝑔

) for non-genotyped animals, to

combine the genomic reliability gain with the 

conventional EBV reliability to obtain the final 

GEBV reliability. 

Step 1: Calculate the genomic EDC gain (𝜑𝑐)

This step comprises five sub-steps: 

1) compute the DGV reliabilities for all the

genotyped animals were computed using the

model (1).

2) compute theoretical gain in genomic EDC as:

𝜑𝑖 =
1−ℎ2

ℎ2 (
𝑟𝐷𝐺𝑉

2

1−𝑟𝐷𝐺𝑉
2 −  

𝑟𝐸𝐵𝑉
2

1−𝑟𝐸𝐵𝑉
2 )                         (6)

we denoted the mean of 𝜑𝑖 as 𝜑̅.

3) compute 𝜑𝑖
𝑝𝑟𝑜𝑝𝑔

 using 𝜑̅ as input to

propagate the genomic information from

genotyped animals to their non-genotyped

relatives via pedigree (VanRaden and Wiggans,

1991, Liu et al., 2004).

4) compute the combined total theoretical EDC.

For genotyped animals:

𝜑𝑖
𝑡𝑜𝑡𝑎𝑙 = 𝜑𝑖

𝑐𝑜𝑛𝑣 +  𝜑𝑖                                     (7)

For non-genotyped animals:

𝜑𝑖
𝑡𝑜𝑡𝑎𝑙 = 𝜑𝑖

𝑐𝑜𝑛𝑣 +  𝜑𝑖
𝑝𝑟𝑜𝑝𝑔

                              (8)

5) convert to the final theoretical GEBV

reliability:

𝑅𝑖
2 =

𝜑𝑖
𝑡𝑜𝑡𝑎𝑙

𝜑𝑖
𝑡𝑜𝑡𝑎𝑙+

1−ℎ2

ℎ2

  (9) 

Note that sub-steps 1 through 5 must be applied 

to both the full and reduced datasets. 

6) compute an adjustment factor (f) based on the

validation bulls:

𝑓 =
𝐸(𝜑𝐸)

𝜑̅𝐸
                                                       (10)

where 𝐸(𝜑𝐸) is the expected EDC value:

𝐸(𝜑𝐸) =
1−ℎ2

ℎ2 ×
𝐸(𝑅𝐸

2)

1−𝐸(𝑅𝐸
2)

                                   (11)

where  

𝐸(𝑅𝐸
2) = 𝑅𝐿

2̅̅̅̅ − 𝐸(∆𝑅2)                                (12)

where 𝑅𝐿
2̅̅̅̅  is the mean reliability of GEBV of the

validation bulls from the full dataset, 𝐸(∆𝑅2) is

the expected change in reliability of GEBV: 

𝐸(∆𝑅2) = 𝑣𝑎𝑟(𝑢̂𝐿 − 𝑢̂𝐸)/𝜎𝑢
2                       (13)

where 𝑢̂𝐿 and 𝑢̂𝐸 are the GEBV of the validation

bulls from the evaluation using the full and 

reduced datasets, respectively; 𝜎𝑢
2 is the

additive genetic variance. 𝜑̅𝐸 is the theoretical

EDC value of the validation bulls from the 

reduced dataset: 

𝜑̅𝐸 =  
1

𝑛
∑ (

1−ℎ2

ℎ2 ×
𝑅𝐸𝑖

2

1−𝑅𝐸𝑖
2

𝑛
𝑖=1 )  (14) 

7) compute the adjusted genomic EDC gain

(𝜑𝑖
𝑎𝑑𝑗

) for all the genotyped animals with the f

factor derived from equation (10):

𝜑𝑖
𝑎𝑑𝑗

=
1−ℎ2

ℎ2 (
𝑟𝐷𝐺𝑉

2

1−𝑟𝐷𝐺𝑉
2 × 𝑓 − 

𝑟𝐸𝐵𝑉
2

1−𝑟𝐸𝐵𝑉
2 )             (15)

The constant parameter of 𝜑𝑐 is the mean of the

adjusted genomic EDC gain (𝜑𝑖
𝑎𝑑𝑗

):

𝜑𝑐 =  
1

𝑛
∑ 𝜑𝑖

𝑎𝑑𝑗𝑛
𝑖=1                                          (16)
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Step 2: Propagate genomic information 

This step is the same as sub-step 3) above to 

obtain 𝜑𝑖
𝑝𝑟𝑜𝑝𝑔

 for the non-genotyped animals

but using 𝜑𝑐 as the input data.

Step 3: Compute the final reliability of GEBV 

for all animals 

For genotyped animals: 

𝜑𝑖
𝑡𝑜𝑡𝑎𝑙 = 𝜑𝑖

𝑐𝑜𝑛𝑣 +  𝜑𝑐                                   (17)

For non-genotyped animals, use the equation 

(8). The final reliability of GEBV for all the 

animals can be calculated via equation (9). 

Data 

To evaluate the approaches, a dataset 

comprising 47,124 Finnish Red dairy cows with 

305-day milk yield records from first lactation 

was used. The analyses included 19,757 

genotyped animals with 46,914 SNPs, and the 

pedigree encompassed 64,808 animals. The 

heritability of the trait was set to 0.44, and the 

proportion of RPG effects was assumed to be 

0.30. 

Results & Discussion 

Reliabilities of the genotyped animals 

The mean (SD) reliability of GEBV were 0.66 

(0.09), 0.66 (0.09), 0.57 (0.10) from the exact, 

Luke, and Interbull approach for the genotyped 

animals, respectively. Figure 1 shows the 

GEBV reliabilities from the exact method 

versus those from the Luke method (left panel) 

and the Interbull method (right panel). Overall, 

the correlations between Luke/Interbull and 

exact method were close to one.  

Figure 1.  Scatter plot and Pearson’s correlation 

coefficients (r) of the reliabilities of genomic 

estimated breeding values (GEBV) for genotyped 

animals via the Luke method (y-axis) versus the 

exact method (x-axis) (left panel) and via the 

Interbull method (y-axis) versus the exact method 

(x-axis) (right panel). The solid red line acts as a 

reference line with intercept 0 and slope 1 

Reliabilities of the non-genotyped animals 

The mean (SD) GEBV reliabilities for non-

genotyped animals were 0.48 (0.17), 0.44 

(0.15), and 0.43 (0.17) using the exact, Luke, 

and Interbull approach, respectively. Figure 2 

presents the GEBV reliabilities from the exact 

method against those from the Luke approach 

(left panel) and the Interbull approach (right 

panel). While the correlations between the 

Luke/Interbull and exact approaches were 

slightly lower than those observed for 

genotyped animals, they remained high overall. 

Figure 2.  Scatter plot and Pearson’s correlation 

coefficients (r) of the reliabilities of genomic 

estimated breeding values (GEBV) for non-

genotyped animals via the Luke method (y-axis) 

versus the exact method (x-axis) (left panel) and via 

the Interbull method (y-axis) versus the exact 

method (x-axis) (right panel). The solid red line acts 

as a reference line with intercept 0 and slope 1 

In this study, we compared the Luke and the 

Interbull approaches for approximating GEBV 

reliabilities. Both approaches computed GEBV 

reliabilities separately for genotyped and non-

genotyped animals and required conventional 

EBV reliabilities for all animals in the pedigree. 

The Luke approach used the information 

from a PBLUP model to derive ERC which 

served as weights in a SNPBLUP model that 

incorporates genomic information when 

computing GEBV reliabilities for genotyped 

animals. Similarly, for non-genotyped animals, 

the genomic information was included 

indirectly by applying additional weights 

derived from the genotyped animals within a 

weighted PBLUP model. An important feature 
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of this approach is that the models for 

computing GEBV reliabilities include only a 

general mean and genetic effects, while the 

weighting scheme and relationship structure 

differ between genotyped and non-genotyped 

groups.  

The Interbull approach employed a constant 

parameter (𝜑𝑐) derived from the Interbull

GEBV test, to simplify computations in large-

scale genotyped populations. The 𝜑𝑐 was

propagated to the non-genotyped relatives via 

pedigree to obtain their respective propagated 

EDC gain (𝜑𝑖
𝑝𝑟𝑜𝑝𝑔

). The final EDC values were

then calculated by combining the conventional 

EDC with  𝜑𝑐 for genotyped animals and

𝜑𝑖
𝑝𝑟𝑜𝑝𝑔

 for non-genotyped animals. GEBV

reliabilities were subsequently derived from the 

total EDC using equation (9).  

The results showed that the approximated 

GEBV reliabilities from both approaches were 

in close agreement with the exact values, 

supporting their applicability in practical 

genetic evaluations. 

It is important to note that a key feature of 

the Interbull approach is the derivation and use 

of the genomic EDC gain parameter (𝜑𝑐), which

can be repeatedly applied to approximate 

GEBV reliabilities. However, because 𝜑𝑐 is

directly linked to the Interbull GEBV Test, it 

must be re-estimated and updated each time a 

new GEBV test is conducted. This feature 

offers the computational simplicity and 

efficiency. In contrast, the Luke approach 

requires precise calculation of ERC weights for 

each computation of reliabilities, which may 

increase computational demands. 

The RPG effects need to be considered to 

avoid overestimating the reliability of GEBV; 

however, these effects were not explicitly 

incorporated in either approach. The Luke 

approach employed a blended method to 

approximate GEBV reliabilities for genotyped 

animals, thereby retaining the primary 

advantage of the SNPBLUP model, that is, even 

as the number of genotyped animals increases, 

the dimensionality of the coefficient matrix of 

the MME remains fixed, depending solely on 

the number of SNPs. The Interbull approach 

implemented an adjustment factor (f) to scale 

down the theoretical GEBV reliabilities to 

ensure an appropriate genomic reliability level 

for young selection candidates. 

This study used a relatively small dataset to 

ensure the feasibility of computing the exact 

GEBV reliabilities by directly inverting the 

coefficient matrix of the MME. However, 

routine single-step genomic evaluations in 

practice often involve millions of genotyped 

animals, thus, a larger and more representative 

datasets might be more appropriate to further 

evaluate these approaches. 

Conclusions 

This study compared two approaches for 

approximating genomic reliabilities for both 

genotyped and non-genotyped animals. The 

results demonstrated that both approaches 

produced reliability estimates in close 

agreement with the exact reliabilities computed 

using the full dataset in a ssGBLUP evaluation. 

Importantly, both methods indirectly accounted 

for residual polygenic (RPG) effects without 

explicitly including them in the model. 

Although the Interbull method relies on the 

Interbull GEBV test, both approaches offer 

effective strategies for obtaining GEBV 

reliabilities in practical large-scale single-step 

evaluations. 
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