Multiple Generation Selection for Nonlinear Profit Functions

J. C. M. Dekkers, P. V. Birke, J. P. Gibson
Centre for Genetic Improvement of Livestock, Department of Animal and Poultry Science
University of Guelph, Guelpk, ON, N1G 2W1, Canada

Abstract

Methods to obtain linear selection indexes for nonlinear profit functions that maximize cumulative
net present value of profit over a planning horizon were described. Optimum indexes can are derived
conform selection index theory but with economic values that are equal to a weighted average of
partial derivatives of the profit function at trait means in future generations. Economic values can
be derived using numerical procedures. Results were illustrated with an example.

Introduction '

. The traditional approach for development of multiple trait criteria to select for an overall
economic objective is to derive a linear selection index (I) based on a linear breeding goal (T=a'u
where a is a vector of economic values and u is a vector of breeding values for traits of economic
importance) as (Hazel, 1943): I=b'X with b=P'Ga , where b is a vector of index weights, X is a
vector with sources of information, P=Var(X) and G=Cov(X,u). The economic value of a trait in
T is defined as the marginal effect on the objective (e.g. profit) of 2 marginal change in the
population mean for a trait, while keeping all other traits in T constant. Economic values are
generally derived as partial derivatives of the profit function, evaluated at current population means.

Moav and Hill (1966) showed that indexes derived based on the above principles did not
maximize improvements in profit when profit was a nonlinear function of genpetic traits and
formulated the problem of derivation of a linear selection index that maximizes average profit in the
next generation for nonlinear profit functions. Optimum indexes were shown to depend on achieved
genetic gains, which in turn depend on index weights, Analytical derivation of optimum indexes was,
therefore, not possible, but graphical methods were developed for selection on two traits (Moav and
Hill, 1996). They also showed that similar procedures could be used when the objective was to
maximize profit in the last generation of a planning horizon. Procedures were further formalized by
Goddard (1983) and numerical solution procedures were developed by Itoh and Yamada (1988) and
by Pasternak and Weller (1993). _

Dekkers et al. (1995) showed that indexes of Moav and Hill (1966) can be derived using regular
selection index procedures (Hazel, 1943) based on a linear breeding goal in which economic values
are equal to partial derivatives of the profit function at trait means in the generation for which profit
is maximized. Thus, if the objective is to maximize profit in the next generation, economic values are
equal to partial derivatives at trait means in the progeny generation, rather than at trait means in the
current generation. Numerical procedures similar to Pasternak and Weller (1993) can be used to
derive economic values for such objectives.

Procedures discussed above can be used to derive selection indexes that maximize profit in the

next generation or in a specific future generation. However, economic objectives of genetic
improvement programs must consider both short and long term responses. Such an objective can be
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described as maximization of cumulative net present value of profit (CNPV) over a planning horizon, -
With CNPV, average profits in cach future generation are discounted to present and summed, -
Because CNPV depends on genetic gains achieved in all future generations, maximization of CNPV -~
involves simultaneous optimization of selection indexes for all generations in the planning horizon.

Linear indexes that maximize CNPV were derived by Dekkers er al. (1995) by formulating
selection for nonlinear profit functions over multiple generations as an optimal control problem
(Bryson and Ho, 1975). Resulting optimum indexes were found to be conform selection index theory
for linear profit functions. The only distinction is in derivation of economic values.

Objectives of this paper are to summaerize the main results of Dekkers et al. (1995) on selection
indexes that optimize selection over multiple generations with nonlinear profit functions, to show the
connection of derivation of such indexes with selection index theory, and to illustrate results.

l T
Let CNPV over 2 planning horizor of T generations be represented by: x = I w,f(m)
t=1

where f(m,) is average profit in generation t as a nonlinear function of m, m, is a qx1 vector of popu-
lation means of q economic traits in generation t, and w, is a discount factor [=(1+interest rate)’].

Let 1, be the linear index for selection of parents in generation t: L, = b; X, where, X is an nx1
vector of information sources, and b, is an nx1 vector of index weights. Then the problem of finding

index weights b, that maximize = can be formulated in terms of an optimal control problem (see
Dekkers et al. 1995):
T-

1

Max {E [w, (m)] + w; f(mo)} [1)
r.( ¥
Subject to: m,,, = m, + iG' b/c fort =0, .., T-1 [1a]
b, Pb =c fort =0, ..., T-1 [1b]
Given m,

In [1], G is the matrix of covariances between X and economic traits in m,, P is the variance-
covariance matrix of X, i is the selection intensity, ¢ is an arbitrary constant which sets the standard
deviation of the selection index to a fixed value, and f(m,) represents the (salvage) value in the last
stage of the planning horizon. Constraints {1a] represent responses to selection on index b}X in each
generation. Constraints [1b] force vectors b, to a unique solution. Choice of ¢ will result only in a
proportional scaling of b,

Solutions for b, (for t=0,...,T-1) that maximize [1] satisfy (see Dekkers ef al. (1995)):
b, =kP'Ga [2]

where k is a scaling factor and the vector of economic weights is equal to:
T
a = I wnbf(m)/sm, (3]

vwie]

Equation [2] is identical to the usual selection index equations (Hazel, 1943), which shows th:
derivation of selection indexes for nonlinear profit functions differs from derivation of selectic:
indexes for linear profit functions only with regard to computation of economic values (equation [3]}.
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When the objective is to maximize CNVP, economic vatues are proportional to the weighted average
of partial deriviatives of the profit function at population trait means in future generations. The
weight on the partial derivative in generation v is equal to the weight on average profit from
generation v in the overall objective function. For CNVP, weights are equal to the discount factors.

Economic values in equation [3] depend on future population means, which depend on genetic
improvement in previous generations. Economic values and optimum index weights can, therefore,
not be derived analytically. A numerical procedure was provided by Dekkers et al. (1995).

Equations [2] and [3] apply to any number of traits in the breeding goal and index and when traits
in the index differ from traits in the breeding goal. Procedures also apply to any objective function
that can be formulated as a linear function of average profit in generation t (t=1,. . . ,T). Results
simplify when the objective is to maximize profit in a given generation. For example, when the
objective is to maximize profit in the next generation, T=1 and w;=1, and, based on equation (3],
economic values are equal to partial derivatives of the profit function at population means in the next
generation. Similarly, when the objective is to maximize profit in generation T, w,=0 for t=1,..,T-1,
wy=1, and economic values are equal to partial derivatives of the profit function at population means
in generation T. In this case, a constant index results for the planning horizon, which confirms the
resuit of Moav and Hill (1966). In all cases, once economic values have been obtained, optimum
index weights can be derived using the regular selection index equations (equation {2]).

Example

The impact of selection for a nonlinear profit function over multiple generations will be illustrated
here based on the example used by Dekkers et al. (1995). Selection was for rate of lay (RL) (%) and
egg weight (EW) (g/egg) in poultry, with the following function for mean profit in generation t:

f(RL, , EW) = 3.11 RLLEW, (pew: - ¢) - ¢a ($/bird/year)

where, RL, and EW, are population mean RL and EW in generation t, 3.11 is the number of eggs
per year per percent RL, pgy, is mean return per gram of egg, ¢, is variable feed cost (= $.0008621/g
egg), and c, is the maintenance cost per bird per year (ignored in the current study). A logistic
function was derived for pgy, based on the categorical pricing scheme for eggs in Canada (Figure 1):

pm = .0821 e-I.LM+.258 EW:/[(1+C-1L997+.258 EW')EW,],

Phenotypic variances for RL and EW of 40.88 and 18.42, heritabilities of 0.18 and 0.74, and
phenotypic and genetic correlations of -0.17 and -0.29 were used. Mass selection over 10 generations
with a selection intensity of 1 was evaluated. A discount rate of 5% per generation was used.

Table 1 summarizes results for the selection strategy that maximized CNPV. The table illustrates
that, for the optimum selection strategy, economic values are a weighted average of partial derivatives
at population means in future generations (economic values in Table 1 are based on equation {3],
divided by the sum of weights). For example, the economic value of egg weight in generation 0
(0.311) is a weighted average of partial derivatives at mean egg weight in generations 1 through 10.
Economic values for the strategy that maximizes CNPV take into account that partial derivatives of
the profit function decrease at future trait means, which reduces the economic value of improving
egg weight in generation 0 relative to the partial derivative in generation 0 (1.187).
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Table 2 compares results four strategies to derive economic values:
A) economic value = partial derivative at trait-méan in the current gencration,
B) economic value = partial derivative at trait mean in the next gencration,
C) economic value = partial derivative at trait mean at the end of the planning horizon,
D) economic value = weighted average of partial derivatives at trait means in future generations.

Whereas strategy A reflects what is most often used in practise, strategies B, C, and D correspond
to three different objective functions: maximization of profit in the next generation (B), maximization
of profit in the last generation {C), and maximization of CNPV (D).

The four selection strategies resulted in large differences in economic values, in particular in early
generations (Table 2). In generation 0 the economic value for egg weight was almost four times lower
for strategy D than for A and B. In contrast, the economic value of rate of lay was almost three times
greater for strategy D than for B. Differences between strategies diminished over generations.
Strategy C resulted in constant economic values and index weights for all generations. The economic
value of egg weight was low (0.032) because mean egg weight reached in generation 10 was close to
the optimum. The economic value of rate of lay was greater for C than for other strategies.

Differences in economic values resulted in similar differences in index weights (Table 2). In
generation 1, relative emphasis on egg weight was almost four times lower for strategy D than for B.
However, differences in index weights resulted in only small to moderate differences in genetic gain.

Strategies A and B put high emphasis on EW in early generations and moved the population
close to the optimum egg weight after four generations (Table 2). However, this was at the cost of
rate of lay, which decreased by over 2% in four generations. Strategy A clearly broke down when the
population was close to the optimum egg weight. Strategy D did not reach the optimum EW as
quickly. But the 'cost’ of high emphasis on EW with strategies A and B, in terms of reduced rate of
lay in early generations, was less for strategy D. Strategy C considered only long term responses and
genetic improvement was linear for both traits (Table 2).

Strategy D resulted in the greatest CNPV (Table 2), as expected, but differences with B were
small (.3%). Strategy A also performed surprisingly well. Maximization of profit in generation 10 ©
resulted in over 20% lower CNPV than D, but had highest profit in generation 10.

Discussion

The theory illustrated above is based on objectives that are a function of trait means. Elsen et al.
(1986), however, argued that the objective should be to maximize mean profit, rather that profit
evaluated at trait means. Itoh and Yamada (1988) showed that these two objectives result in identical
optimum indexes for linear and quadratic profit functions. For other profit functions results are not
identical, although differences may be small (Itoh and Yamada, 1988).

The theory and example used in this paper applies to discrete generations. Principles ca,
however, be extended to overlapping generations. Recently, Gibson et al. (1995) used a gene-flow
model of the Canadian Holstein population, coupled with a nonlinear optimization program, to derive
economic values for milk, fat and protein yield in each year of a planning horizon of 20 years for
alternative scenarios of evolving market demands for fat and protein. Situations in which milk, fat,
and/or protein yield per cow increased over time due to improved management were modelled also.
Problems were formulated as a nonlinear programming problem conform equations [1].
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Table 1. Population means by generation, partial derivatives of the profit function at those means,
economic values, and relative index weights for a selection strategy for egg weight and rate of lay that
maximizes cumulative net present value of profit over 10 generations.

Gepc— Discount | Population mean Egg weight Rate of lay . Ratio of
ration  factor Egg Rate Part.  Econ. | Part. Econ. ?\3;’;;7:5::)3
weight oflay |derivv value |deriv. value

0 --- 4500 90.00 1.187 0311 -017  0.075 13.52

1 0.952 48.15 8945 1.169 0.190 0.025 0.083 8.06

pA 0.907 51.27 8898 0.788  0.098 0.060 0.086 393

3 0.864 5423 8875 0.379  0.049 0.079  0.087 1.69

4 0.823 56.48 89.05 0.147 0.030 0.08  0.087 0.77

5 0.784 5760 89.85 0.061 0.022 0.087 0.087 0.42

6 0.746 58.04 90.84 0.032 0.020 0.087 0.087 0.29

7 0.711 5820 9161 0.022 0.019 0.087 0.087 0.24

8 0.677 5826 9299 0.019 0.018 0.087 0.087 0.22

9 0.645 5827 94.09 0.018 0.018 0.087 0.087 0.22

10 0.614 5828 95.18 0018 --- 0.087 --- i -
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Table 2. Economic weights, responses to selection, and profit for 4 selection strategies

Generation_ A B C
vE;ionomic 0 1.187 1.167 0.032 b
egg weight 3 0346 0.080 0.032 '
9 -0.071 0.018 0.032 ;
Economic 0 -0.017 0.025 0.087 §
rate of lay 3 0.080 0.087 0.087 '
9 .. 0.087 0.087 0.087
Ratio of 0 88.67 5036 88 :
weights 3 14.03 3.12 88
9 4.42 22 88
Genetic 1 48.16 48.16 4631
%"g‘w&‘gm 4 57.63 5731 5023
(gegs) 10 57.05 5827 58.08
Genetic 1 8934 89.35 90.73
' rate of lay 4 87.51 © 88.06 92.91
¥ (%) 10 90.13 94.41 97.29
4§ Average 1 3.84 3.84 1.60
rofit
"% F$/birdlycar) 4 9.19 9.22 6.22
i 10 9.37 9.82 10.07 .
8 CNPVP (§) 10 52.13 53.51 40.68
R 10
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+
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Figure 1. Effect of mean egg weight on mean profit at rate of lay of 90%.
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