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Abstract

Proportional hazards models most often assume that failure times are expressed on a continuous time sca
There are common situations in animal breeding when this is not the case, for example when longevity i
expressed in years, number of parities, etc... As a result, some basic assumptions of most survival models a
violated. For example, the Cox’ partial likelihood is no longer correct. This paper presents a more appropriate
strategy, the “grouped data model” of Prentice and Gloeckler (1978) for the analysis of discrete data, tha
maintains the assumption of proportional hazards. A reparameterisation of the model underlines the mail
differences with the Cox model or with a parametric regression model, the Weibull model. It also allows an
easy modification of existing programs to make them suitable for the analysis of discrete survival data. The
« grouped data model » is compared with continuous models on simulated data sets. The robustness of t
Weibull model and the inadequacy of the Cox model on discrete data are illustrated.

1. Introduction 2. Background

In survival analysis, the time scale used to descril®1 Proportional hazards models
failure time is most often considered to be
continuous. Such an assumption seems reasonableLet x = (X, .. %)’ be a vector of explanatory
when length of life of large domestic animals isvariables upon which failure time may depend. The
expressed, e.g., in days. Then, it is becoming ¥g's can be continuous or discrete covariates. In
standard practice to analyse such data usimoportional hazards mode(®HM ; Cox, 1972), the
proportional hazards models (Cox, 1972, Kalbfleiscthazard function h(t) ankl are associated through the
and Prentice, 1980) or, in genetic studies, theexpression:
extension to mixed (frailty) models (Ducrocq, 1997). h(t ; x) = hy(t) exp{x'B} [1]
However there are situations when the time scale is . i . _
obviously discrete with very few classes: this is th&/herep is a vector of regression coefficients(this
case when the available information is limited to &alled thebaseline hazard functiomnd exp{’f},
total number of parities, a number of C0mlo|etede[_)resents_a stress_—dependent te_rm spe'cm'c'to the
lactations, etc... But in some instances, even thoug}P'malS V}”th covariatesx. The_ simple intuitive
more precise information is available, the exactterpretation of the regression coefficients in
timing of culling — just after calving, 3 months later Proportional hazards models greatly explains their
or just before the next calving - is somewhaiPopularity: the hazards of two individuals are
irrelevant, e.g., what counts is that there will be n®roportional over time. If (piecewise constant) time-
more progeny born after culling. For discrete data, §éPendent covariates are used, the proportionality
direct survival analysis using ‘standard’ proportionaSSumption must hold over intervals and not longer
hazards models ia priori incorrect, as the usual ON the whole time axis. _
approaches assume continuity of the baseline hazardVhen a parametric form is chosen for the baseline
distribution and/or absence of ties between orderddpzard function 4f.) in [1], it is relatively easy to
failure times. After a description of a technique dudVrite down, to compute and to maximise the full
to Prentice and Gloeckler for the analysis of discretdkelihood function, combining contributions from
survival data without rejecting the proportionalcensored and uncensored records. This provides
hazards model, | will describe how this technique caf@ximum likelihood estimates of the parameters of
be easily accommodated in the Survival Kit, dhe baseline density and @f But the parametric
package developed for the use of regression ah@ms most frequently used (exponential, Weibull,

fra”ty models with time_dependent covariatesgamma, IOg-nOfmaI, Pareto, etC...) are all continuous.
(Ducrocq and Soelkner, 1998). One can wonder about the consequences on
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parameter estimation of the use of continuoudmplicitly, all failures occuring during the interval

functions to describe inherently discrete variables. [1,4, T4) will be “grouped” and the attached failure
It is also possible to leave(l) completely arbitrary. time will be k. It will also be assumed that censoring

Expression [1] then defines a semiparametrionly occursat the endof each interval. The survivor

regression model known aCax mode(Cox, 1972). function at t =T, i.e., at the beginning of the

The attractive feature of the Cox model is that iinterval k, is:

permits the estimation of3 without making any 0 .t 0

assumption about the form of(h. The procedure S(t=rk_1;x)=exp[|—f K-l h(ux)dug  [4]

developed by Cox relies on the definition of what he u

calls apartial likelihood functionwhich is the part of Which can be calculated as:

the full likelihood function which does not depend on H , H

he(t). The formal expression of the logarithm of theS(y.:X)= eXIOD'Z I ho(u)eXP dug (3]

partial likelihood is: H i<k

0 80 = eXpEl]- ho(u) du ¥B L
logLc (B)= > xqB-log ;e J D [2] ||<_||< I ° 0o g

kDFH jOR T[k]) H X' B

whereF is the s.et of orderedlstlhct fallure.tlme.s _ l—I XIOD-J'TI ho(u) du DBe
Ty and R(Tpg) is the set of animals at risk (i.e., |<k RIEE] O
alive) at time Tx. The partial likelihood also x'B
received other formal justifications. In particular, it = |_| ( )e [6]
can be obtained as the marginal likelihood of the i=1
ranks of failure times, i.e., it containall the 0
information about therder in which animals died. whereq; —expD—J' hg(u) du g [7]
However, the ranking of failure times is not possible i-1 O

with a discrete measure of failure times, which
generates a large amount of “ties”. When there afEhen, adapting the definition of the hazard function,
few ties between failure times (at least comparedie have:

with the total number of observations), s(rk_l;x)-s(rk;x) x'B

approximations of Cox’s partial (log-)likelihood have h(t;X)= St ix) =1-ay [8]

been proposed. In particular Peto (1972, in the Tk-1:%

discussion of Cox’s paper) suggested to use: _ _ _ _
Al Using the formal relationship between survivor

, BDD function, hazard function and density function and
logLp (B)= Z ) xBEdy HOQ ; 00  combining [6] and [8], we get :
k(F %DD T[k])g J JORMyy) HE
3] f(t;x) = h(t iX) S(t;X)
whereD is the seE of theyddying at time Jy; . 0(e ‘B %( eX B E 9]
Once estimatef of B have been obtained maxim-

ising [3], the baseline survivor functios,(t is) Expressions [6] and [9] are used in the construction
of the full likelihood (Kalbfleisch and Prentice,
1980):

2.2The grouped data model of Prentice and L(a,B)= |_|f(ym) S(Ym) [10]
Gloeckler (1978) mO{unc} m0O{cens}

estimated assuming thatzf’: :

When there are many ties among failure times, e.g./n contrast with the Cox model approach, the
when only a few classes (say, less than 20) of @lements of the baseline survivor curve (th's in
discrete measure of survival are available, th§6]) are estimated jointly witl.
approximation [3} is no longer valid or useful and a An example using this methodology for the analysis
different analysis must be performed. Prentice andf number of years in competition in horses can be
Gloeckler (1978) presented another approach fdound in Ricard and Fournet-Hanocq (1997).
such data, that I will introduce now.
3. Reparameterisation of the grouped data model

Define the intervals representing the unit of measure
(e.g., years): The joint estimation of the;’s andp in [10] requires

[0=1o T1), [Ty T2, -, [Tty TW)s--- the writing of a specific programme. In fact, a simple
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reparameterisation of the model permits the use of H Q - 0 H
the Survival Kit package (Ducrocq and Soelk”erS(ym;x):expg—E Iqj pupl e* (@j2)B dufl
H i3

1998) with minimal modification. : dj1 -
By definition, the aj's in [6] take only values

between O and 1. This requires a constrained E Q O, @B o
maximisation of [10]. As noted by Miller (1981, =exp|j—2 e 1 ﬁlj ~0j_4 110 [16]
p139), it is more convenient to reparameterisentise SRER

into &;'s, whereg;= log( - loga;) which all take values

between— o and + o . Then: This resemblance between [14] and [16] suggests

another interpretation of Prentice and Gloeckler's
aj =exp{—expEi} [11] model: _it is equivale_nt to an expor_wentiqi 1)

] o ] regression model which includes a time-dependent
This reparameterisation leads to new expressions fggyariate that | will call time unit This time-
equations [5] and [6] : dependent covariate is a step function of time with

oX'B £ +x'B changes atro=0, 1:=1, 1,=2, ..., T=k,.... Then, the
h(t=1y_1;x)=1-ap = =1-exp|-e" [12]  resulting expression for the survivor curve of such an
exponential regression model is identical to [14].

and: However, the hazard functions differ. Indeed, the
S(t;x)zexp{-eX'B (ezl R +...+eEk—1)}[13] :L)me-dependent exponential regression model leads

Assume that all interval lengths are equal and define =1, :x) :ex*l (t;_1)B" =efkXB [17]
this interval length as unity ¢=0,1,=1,..., Ti=1).

Definex” (t.1) B =& + X B, then: or, equivalently:

logh(t; x)=¢&, +x'B [18]
S(t:x) = exp{-eX'B (eil +e%2 +...+ %k )} instead of:
Tkt . logh(t; x) =log(t-exp{-efk *Bf) 1]
—expl 5 & (t;_1)B" x1 % for the grouped data model.
E i=1 E
et 5 o DR )] e o st e subte dfference betueen e
Hi=1 E situation when there are many different (small) time

Now, this equation [14] will be related to anotherintervals ffka, T). Then, one can expect that the
expression obtained in a different context : consider @nditional survival probabilitiesic will not be very
Weibull regression model, in a situation where theyiserent from 1, i.e.,ak ~1-¢, for some smak,
regression vectorx(t) is time-dependent. The

expression of the survivor function G{yfor this or:
animal is : &k =log(-logay ) =loggy .

Then, starting from [19]:
S(ym 0 =exp- [y Ap(uP1eX (P aup

0 log h(t;x) = Iog%l— (exp(—ezk )) P

= exp%—J’ym pup_l gP10gA +x'(U)B du%
0Jo

:
0 ~ Iog%— exp(-¢, ) P E

= expg— J'zm P uP1 eX*I O du% [15]
O O

“togi-(1-¢, )" [
defining X" ()= (1 X(u) and B = (plog A, B). ~og Fk .
Assume thak (u) is a piecewise constant function of
time : the value of at least one element xgf)) =Iog(1—(1—skex'ﬁ))
changes at timeogg= 0 < ¢ < ... < ) = Ym, the .
failure time of animal m. This implies that expression = Iog(skex B)
[15] can be integrated explicitly:

=log(ey )+ x'B

=& +Xx'B [20]

43



The latter expression is the same as definition [18hyperparameter(s) of the prior distributions can be
In other words, Prentice and Gloecker's model can tapplied without any change. However, it is important
viewed as a fully parametric (exponential) model, foto note that the algebraic integration of the frailty

which the baseline is estimated at every (discretégrm from the joint posterior distribution (when the

time-point (through the use of th@me_unittime- random term follows a log-gamma prior distribution

dependent variable) and for which the definition ofs not possible here.

the hazard is modified to take into account the

discrete time scale. This property can be used t® Numerical example

modify existing software for the analysis of grouped

survival data In particular, the « Survival Kit — To illustrate the grouped data approach and without
V3.1 » , which is available at : aiming at general conclusions, several proportional
hazards (mixed) models were applied to the analysis

of simulated data sets.
includes such a change : in the parameter file of the

program « prepare.f » of recodification, the simple. 1. Data sets

keyword « DISCRETE ; » forces the definition of the

time-dependent covariaténe_unitand the creation Using the program simul.f (also available at the

for each animal of as many elementary records &urvival Kit home page), 10000 records were

changed itime_unit.Without any further indication, simulated assuming a Weibull frailty model (data set

Prentice and Gloeckler's model will be automaticaIIyA), on a continuous time scale. The true parameters

used when the next program (weibull.f — not cox.f Ihf the Weibull baseline hazard distribution were

is called. It should be remembered that in this casg,g andp logh = -14.05, which corresponds to a

the fitted model isiot a Weibull model and that in median failure time of 750 days. All values above

the calculations, the valye=1 will be always taken. 3000 days were censored at this date. (1.6% censored
records). In the simulation model, the records were

4. Extension to frailty models influenced by 2 fixed effects with 5 and 4 levels each
and a random (« sire ») effect with 100 levels. The

Most of the Bayesian analysis of mixed (frailty)|evels of both fixed effects were randomly distributed

models developed in Ducrocq and Casella (1996) caggross records and each sire had 100 simulated

be applied to Prentice and Gloeckler's model fogaughters, resulting in a nearly balanced design The

discrete (or « grouped ») data. The ve@in eXB  sire effects were assumed to kid N(O, 0.05).

of expressions [6] and [8] can be extended to includgimulated values of fixed effects are indicated in

http://www.boku.ac.at/nuwi/popgen/

random effects={sq}. Let: table 1. .
. . . A discretised version of data s&t(data seB) was
Wm (Xm Zm) and 8= EE created using the following rule : ifyyis continuous

_ _ failure or censoring time, the new discrete value is
In the Bayesian analysis, the log-gamma o

(multivariate) normal prior distributions can be used' M~ nif 365%(n-1)< ym < 365™n. In other words,.
for the frailty term § The analysis proceeds as inYm represents the number of « started » years of life.

Ducrocq and Casella (1996). Data setsAc and B¢ were obtained fronA and B
One needs the following expressions of theensoring records larger than 1095 d (= beginning of
survivor function: the fourth year) at t=1095 for the former and records

. larger than 4 (years) at t=4 for the latter. The

S(t;wp) :E‘Xp{'ewm B (e51 +ef2 +... +e£k‘1)} corresponding censoring rate is 45.1% for both files.
[21] Note that the underlying model is still Weibull. To

and of the hazard function: drastically force a different (not Weibull) model data

setBc was modified assuming that all records with

0 g W BD
. —1_ K .
h(t;wpy)=1 expgD € m E [22] v, = 4 were in fachot censored (data sBb).

in order to combine the contribution of each
individual to the construction of the likelihood
function [10]. 'I_'hese formula can pe adapted Yhese data sets were analysed using the « Survival
accommodate time-dependent covariates. Inferencgs _\/3 1 ,, ang fitting a Cox or a Weibull model

on O can be drawn from the posterior distribution '

n(e MR hyperpararetersf y) exactly in the (i.e., ignoring the discrete scale for data ¥t8c

same way as in Ducrocq and Casella (1996) : th%ndBD) or the groupgd data model descrlbe_d n this
. ) . ) : aper. Solutions of fixed effects, characteristics of
Laplacian integration technique to obtain th

) : : o he approximate marginal posterior distribution of the
approximate marginal posterior distribution of the_. )
sire variance were compared to the true values.

5.2. Analyses
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Table 1 : true values used in the simulation and estimates from the Cox model and the
Weibull model when the time scale is really continuous

Model (True) Cox Weibull
Data sef® (A/B) A A
Time scale continuous continuous continuous
Intercept p logh) -14.0503 -14.007
P 2.0 1.994+/-0.016
fixed effect 1: B1 0 0 0
B2 0.5296 0.5636 0.5675
B3 -0.3456 -0.3073 -0.3080
B4 0.3803 0.4046 0.4066
5 -0.5136 -0.5203 -0.5201
fixed effect 2:yl1 0 0 0
y2 -0.0510 -0.0480 -0.0485
V3 -0.3917 -0.4229 -0.4246
v4 -0.4071 -0.4764 -0.4785
sire variance: mode 0.05 0.04915 0.04948
mean 0.05169 0.05203
std 0.00917 0.00917
skewness 0.596 0.596
@ see text

Table 2 : true values used in the simulation and estimates from the Cox model, the Weibull model

and the drouped Data model when the time scale is discrete

Model

(True) Cox Weibull Grouped data
Data sef® (A/B) B B B
Time scale continuous discrete discrete discrete
intercept -14.0503 -3.0075
P 2.0 2.330/-0.018
fixed effect 1: B1 0 0 0 0
B2 0.5296 0.4270 0.5705 0.5578
B3 -0.3456 -0.2428 -0.3253 -0.3102
B4 0.3803 0.3061 0.4084 0.3983
B5 -0.5136 -0.4210 -0.5542 -0.5296
fixed effect 2:yl1 0 0 0 0
V2 -0.0510 -0.0457 -0.0598 -0.0595
V3 -0.3917 -0.3287 -0.4377 -0.4244
v4 -0.4071 -0.3725 -0.4937 -0.4787
sire variance: 0.05 0.02756 0.05452 0.05078
mode
mean 0.02924 0.05719 0.05341
std 0.00583 0.00993 0.00944
skewness 0.600 0595 0.596
@ see text
5.3. Results Weibull models is striking : there is virtually no

Table 1 illustrates the excellent behaviour of both
the Cox model and the Weibull model when the
time scale used for the analysis is continuous, in
this idealised situation (almost no censoring,
balanced design, true underlying Weibull model).
The similarity of the estimates of the Cox and the
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information lost when the partial likelihood is used.
None of the estimates is significantly different
from its true value. The approximate estimation
procedure of the sire variance also gives very
satisfying results



Table 3 : estimates from the Weibull model (correct underlying model) and the grouped data model

when the time scale is either continuous or discrete, in presence of censoring

Model (True) Weibull Weibull Grouped data
Data sef® (A/B) Ac Bc Bc
Time scale continuous continuous discrete discrete
intercept -14.0503 -14.174 -2.8643
P 2.0 2.028+/-0.0247 2.123+4/-0.026
fixed effect 1: B1 0 0 0 0
B2 0.5296 0.5642 0.5734 0.5493
B3 -0.3456 -0.2898 -0.3109 -0.2952
B4 0.3803 0.4079 0.4206 0.4026
5 -0.5136 -0.5111 -0.5510 -0.5238
fixed effect 2:yl 0 0 0 0
y2 -0.0510 -0.0737 -0.0952 -0.0873
V3 -0.3917 -0.4329 -0.4662 -0.4407
v4 -0.4071 -0.5067 -0.5338 -0.5069
sire variance: mode 0.05 0.05551 0.06345 0.05698
mean 0.05867 0.06696 0.06018
std 0.01142 0.01264 0.01169
skewness 0.603 0.601 0.603
@ see text

Table 4 : estimates from the Weibull model (incorrect
when the time scale is discrete

underlying model) and the grouped data model

Model (True) Weibull Weibull Grouped data
+ time_unit effect
Data sef® (A/B) Bo Bo Bo
Time scale continuous discrete discrete discrete
intercept -14.0503 -4.3852 -2.341
p 2.0 3.696+/-0.32 1 (constrained)
fixed effect 1: B1 0 0 0 0
B2 0.5296 0.3719 0.3061 0.5494
B3 -0.3456 -0.1429 -0.1228 -0.2951
B4 0.3803 0.2578 0.2113 0.4026
B5 -0.5136 -0.2323 -0.1992 -0.5237
fixed effect 2:yl1 0 0 0 0
V2 -0.0510 -0.0566 -0.0463 -0.0873
V3 -0.3917 -0.2528 -0.2107 -0.4407
v4 -0.4071 -0.2868 -0.2386 -0.5069
sire variance: mode 0.05 0.01532 0.00733 0.05693
mean 0.01633 0.00778 0.06018
std 0.00389 0.00264 0.01169
skewness 0.598 0.583 0.603
@ see text

In table 2, the time scale is changed. Then the
Cox model gives poor results : all fixed effects
solutions are shrinking towards 0, compared with
the true value (by 20 to 30% for fixed effect 1).

More importantly, the sire variance is strongly
under-estimated. This reflects the inadequacy of
the approximation [3] of the partial log-likelihood
in presence of many ties. The solutions of the
Weibull model are reasonably correct, except for
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the Weibull parametep. Indeed, it seems that the
biases inB may be a direct consequence of the

overestimation op (the ratio:f:i/f) andp/ p are very

similar). The grouped data model gives the best
results, with no significant bias for the fixed effects
as well as for the sire variance.

Table 3 reports the analyses of data getsand
B¢, obtained fromA andB after censoring records



of 4 years and more. When the time scale is still
continuous, the solutions from the Weibull model
and also from the Cox model (not shown) are
almost unchanged : censoring has very limited
impact. When failure and censoring times can take
only one out of 4 values (1, 2, 3 or 4), solutions of
fixed effects are only marginally affected.
However, the sire variance is overestimated,
although the true value 0.05 is still in the 95%
credible set of its marginal posterior density. The
grouped data model gives better results than the
Weibull (discrete) model, for the fixed effects as
well as for the sire variance component.

Finally, in data seBp, the underlying distribution
is forced to be not distributed as Weibull by

treating all censored records of data Bef as
uncensored. Note that this has no impact on the
« true » values db and of the sire variance used to
simulate the data nor on the validity of the
proportional hazards assumption [1]. Table 4
shows that applying a Weibull model to such data
set is incorrect : solutions for fixed effects are even
more shrunk towards O than for the Cox model in
table 2 and the sire variance is grossly
underestimated (close to 0). Once again, the
grouped data set gives excellent results, unchanged

with respect to the analysis of data Betin table

3. In contrast with the Weibull model, the grouped
data model can accommodate a conditional
survival probability of O at time 4, and reveals the
proper genetic variability.

6. Conclusion

It is not possible to generalise inferences drawn
from this small, idealised numerical example.
Nevertheless, it illustrates some characteristics that
are well known from  methodological
considerations, or from real life examples obtained
elsewhere. These characteristics have important
conseguences on the appropriate strategy that
should be used for the analysis of survival data :
*When the time scale is continuous and the
Weibull assumption is reasonable, Cox and
Weibull models give almost identical results (see
Ducrocq and Casella, 1996, for other simulated
examples).
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*This is true even when censoring rate is
substantial, at least in relatively balanced
situations.

*When the time scale is discrete, the Cox model
is no longer adequate.

*However, at least when the «underlying
continuous baseline » remains distributed as
Weibull, the Weibull model seems remarkably
robust (see Lubbers et al., 1999 for another
example of such robustness).

*When this is not the case, the grouped data
model should be the method of choice, as it does
not require any particular assumption about the
shape of the baseline distribution.
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