Multivariate Bayesian analysis of Gaussian, right
censored Gaussian, ordered categorical and
binary traits using Gibbs sampling

Inge Riis Korsgaard', Mogens Sandg Lund', Daniel Sorensen', Daniel Gi-
anola®, Per Madsen', Just Jensen'. 'Department of Animal Breeding and
Genetics, Danish Institute of Agricultural Sciences, PO Box 50, DK-8830 Tjele
2Department of Meat and Animal Sciences, University of Wisconsin-Madison,
WI 53706-1284, USA

ABSTRACT A fully Bayesian analysis using Gibbs sampling and data
augmentation in a multivariate model of Gaussian, right censored and grouped
Gaussian traits is outlined. The grouped Gaussian traits are either ordered
categorical traits (with more than two categories) or binary traits, where the
grouping is determined via thresholds on the underlying Gaussian scale, the
liability scale. Allowances are made for unequal models, unknown covariance
matrices and missing data. Having outlined the theory, strategies for implemen-
tation are reviewed. These include joint sampling of the location parameters;
efficient sampling from the fully conditional posterior distribution of augment-
ed data, a multivariate truncated normal distribution; and sampling from the
conditional inverse Wishart distribution, the fully conditional posterior distri-
bution of the residual covariance matrix between traits. The methodology has
been implemented in generally available software.

1 Introduction

In a series of problems it has been demonstrated that using the Gibbs sampler in
conjunction with data augmentation makes possible to obtain sampling-based
estimates of analytically intractable densities. The basic idea behind the Gibbs
sampler, and other sampling based approaches, is to construct a Markov chain
with a tractable transition mechanism and having the desired density as it-
s invariant distribution (Chan, 1993). The Gibbs sampler is implemented by
sampling repeatedly from the fully conditional posterior distributions of param-
eters in the model. If the set of fully conditional posterior distributions are
intractable, it may be advantageous to use data augmentation, which as point-
ed out by Chib and Greenberg (1996) is a strategy of enlarging the parameter
space to include missing data and/or latent variables.

Bayesian inference in a Gaussian model using Gibbs sampling has been con-
sidered by e.g. Gelfand et al. (1990) and with attention to applications in
animal breeding, by Jensen et al. (1994), Sorensen et al. (1994), Van Tassell
et al. (1995) and Wang et al. (1993, 1994). Bayesian inference using Gibbs
sampling in an ordered categorical threshold model was considered by Zeger



and Karim (1991), Albert and Chib (1993) and Sorensen et al. (1995). In cen-
sored Gaussian and ordered categorical threshold models, Gibbs sampling in
conjunction with data augmentation (Tanner and Wong (1987) and Sorensen
et al. (1998)) leads to fully conditional posterior distributions which are easy
to sample from. This was demonstrated in Wei and Tanner (1990) for the to-
bit model (Tobin, 1958), and in right censored and interval censored regression
models. A Gibbs sampler for Bayesian inference in a bivariate model with a
binary threshold character and a Gaussian trait was given in Jensen (1994).
This was extended to an ordered categorical threshold character by Wang et al.
(1997), and to several Gaussian and ordered categorical threshold characters by
Van Tassell et al. (1998).

The purpose of this paper is to present a fully Bayesian analysis of an arbi-
trary number of Gaussian, right censored Gaussian, ordered categorical (more
than 2 categories) and binary traits. Allowances are made for unequal models
and missing data. Furthermore, strategies for implementation are reviewed.

2 The model without missing data

2.1 The model

Assume that m;Gaussian traits, mo right censored Gaussian traits, mg categorical
traits with response in multiple ordered categories and m4 binary traits are ob-
served on each animal; m; > 0, ¢ = 1,...,4. The total number of traits is
m = mq + mo + m3z + my. For example, in dairy cattle, if m; = 1 for all
i: Then the Gaussian trait could be milk yield. The right censored Gaussian
trait could be log lifetime (if log lifetime is normally distributed). For cattle
still alive, it is only known, that (log) lifetime will be higher than their cur-
rent (log) age, i.e. these cattle have right censored records of (log) lifetime.
The categorical trait could be calving ease score and the binary trait could be
the outcome of a random variable indicating whether or not mastitis occurred
in a given period. In general, data on animal i is (y;,d;), ¢ = 1, ...,n, where y; =
(yib o Yima Yima+1s - Yimi+mas Yima+ma+1s - Yimi+ma+msy Yim—ma+15 - yim>7
and where J; is a msy dimensional vector of censoring indicators of the right
censored Gaussian traits. The number of animals with records is n and data
on all animals with records is (y,d). The observed vector of Gaussian traits
of animal 4 is (Yi1, ..., ¥im,). For j € {mi+1,....,m1 +ma}, y;; is the ob-
served value of Y;; = min{Uij,Cij}, where U;; is normally distributed and
Cy; is time of censoring of the j'th trait of animal ¢. The censoring indi-
cator d;; is one iff U;; is observed (U;; < C;;) and zero otherwise. A,; and
Aq; will denote the sets of animals with d;; equal to zero and one, respectively;
j=mi+1,...,mi+mso. The observed vector of categorical traits with response
in three or more categories iS (Yim,+mot1s -+ Yimi+matms)- L€ outcome Yij
je{mi+ma+1,...,my +ma+ms}, is assumed to be determined by a group-
ing in an underlying Gaussian scale, the liability scale. The underlying Gaussian



variable is U;;, and the grouping is determined by threshold values. That is,
Yij = kiff Tj_1 < Ui; < mjis k=1,..., K, where K; (K; > 3) is the number
of categories and —oo = 7j0 < 151 <o < TiK;—1 < Tjk; = 00. The observed
vector of binary traits iS (Yim, +me+ms+1s - Yim)- As for the ordered categori-
cal traits, the observed value is assumed to be determined by a grouping in an
underlying Gaussian scale. It is assumed that Y;; = 0 iff U;; < 0 and Y;; = 1 iff
Uij > 0.

Let U;; = Y;; for j = 1,...,mq, that is for the Gaussian traits, and let
U; = (Uit ..., Uim)" be the vector of Gaussian traits observed or associated with
the right censored Gaussian traits, ordered categorical traits and binary traits
of animal ¢. Define U = (U;),_; , as the nm-dimensional column vector
containing the Uls. It is assumed that:

U|a’b’R = r7R22 = Im4 ~ Nnm (Xb + Za, In & ( i1 Tiz ))

ra; Im4

where b is a p-dimensional vector of "fixed” effects. The vector a; = (a;1, ..., aim)/
represents the additive genetic values of U;, i = 1,...,N; a = (ai)i:17.”)N, is
the Nm dimensional column vector containing the als. N is the total number
of animals in the pedigree; i.e. the dimension of the additive genetic relation-
ship matrix, A, is N x N, and R is the residual covariance matrix of U;. The
usual condition that Rir = 1 (e.g. Cox and Snell (1989)) has been imposed
in the conditional probit model of Y;; given b and a, k = m —my + 1,...,m.
Furthermore it is assumed that liabilities of the binary traits are conditionally
independent, given b and a.

2.2 Prior distribution

Let the elements of b be ordered so that the first p; elements are regression

effects and the remaining p, = p — p; elements are ”fixed” classification effects.
. . 1,07

It is assumed a priori that b|o%, 03 ~ N, | 0, not 0 9 , where o7 and

0 I;D2 03

o2 are known (alternatively, it can be assumed, that some elements of b follow

a normal distribution and the remaining elements an improper uniform). The
a priori distribution of the additive genetic values is a|G ~Ny., (0,A ® G),
where G is the m x m additive genetic covariance matrix of U;, i =1,...., N. A
priori, G is assumed to follow a m-dimensional inverted Wishart distribution:
G ~ IW,, (Xa, fa). It is assumed that R conditional on Rgs = I,,, follows
a conditional inverted Wishart distribution. The unconditional distribution of
R is assumed to be inverted Wishart: R ~ IW,, (Xr, fr). All of Xg, fa, Er
and fr are assumed known. A priori, it is assumed, that the elements of 7; =
(Tj25 - Tjk,—2) are distributed as order statistics from a uniform distribution in
the interval [Tj1; TjKj—l] = [0, 1], ie.: p (Tjg, ...,TjKj_Q) = (Kj — 3)'1 (Tj € Sj),



where
Sj = {(SQ,...,SK].,Q) |0 < 59 <... < SK].,Q < 1}

(Mood et al. 1974).
Concerning prior independence, the following assumption is made:

(a) A priori b, (a,G), R and 75, j = mq+mao+1, ..., m1 +mg+mg are mutually
independent, and furthermore elements of b are mutually independent.

2.3 Joint posterior distribution

For each animal augmented variables are Ui’js of censored (d;; = 0) right cen-
sored Gaussian traits and with liabilities of ordered categorical and binary traits.

The following notation will be used: UFC = {U;; : i € Agj;5 = my + 1,...,m; +ma},
this is the set of Ui’js of censored, right censored Gaussian traits. U®AT and
UBIN will denote the sets of liabilities of ordered categorical and binary traits,
respectively. The following will be assumed concerning the censoring mechanis-
m:

(b) Random censoring conditional on w = (b, a, G, R, Tyn, 4ma+15s s Trmg +matms )
Le. C=(Cy);y > where C; = (Cimy 41, -, Cim, +m, ) s the mo dimensional
random vector of censoring times of animal 4, is stochastically independent
of U given w.

(c) Conditional on w, censoring is noninformative on w.

Having augmented with UFC, UYAT and UBIYN | it then follows, that the
joint posterior distribution of parameters and augmented data

b = (w, Uic ycAar, UBIN)

is given by

p(i/)\y,é, R22 = Im4) X p(ya(SW)v R22 = Im4)P(1/J\R22 = Im4)
= p (Ya 67 UORC7 UCAT7 UBIN|W7 R22 = Im4)
X p(WRyy = Ln,)

By assumption (a) it follows that the prior distribution of w, conditional on
Ry =1,,,, is given by

mi+ma+ms

p(WRy =Ly,) =p(b)p(alG)p(G)p (R|Ry, = In,) H p (1)

j=mifma+1



Let x; (m x p) and z; (m X Nm) be the submatrices of X and Z associated
with animal 4. Then, by assumptions (b) and (c), it follows that

p (y, 5, UfC, uCAT UBIN|w, Ry, = Im)

up to proportionality, is given by:

n m1+ma
H H [ (uij > yiy))' 0
i=1 | j=mi1+1

mi+ma+ms K;

n
i=1 _.7=77L1 +mo+1 k=1

X H H [1 (uij < O)l(yij :0)+1(0 <uij)1(yij = 1)]
i=1 | j=mi+ma+msz+1
= _ _ 1
X H [(2#) /2RI exp {2 (u; — x;b —z;a) R7! (u; — x;b — zia)}]

i=1

(Here the convention is adopted that e.g. [1 (us; > y;)]° = 1and [1 (uy; > yi;)]" =

(1 (uij > yi5)])

2.4 Marginal posterior distributions, Gibbs sampling and
fully conditional posterior distributions

From the joint posterior distribution of ¥, marginal posterior distributions of ¢,
a single parameter of a subset of parameters of 1, can be obtained integrating
out all the other parameters, v\, including augmented data. Here 1\, denotes
1 excluding . This integration is implicitly performed using Gibbs sampling,
which is an iterative method for generating samples from a multivariate distri-
bution, and has its roots in the Metropolis-Hastings algorithm (Metropolis et
al., 1953; Hastings, 1970). Here we wish to obtain samples from the joint pos-
terior distribution of w = (b,a, G, R, Ty, +mot1s s Trng +matms ). One possible
implementation of the Gibbs sampler is: Given an arbitrary starting value 1(®)
(b,a)(l) is generated from the fully conditional posterior distribution of (b,a)
given data, (y,0), ¥\ (b,a) and Raz = L, next (u{fc, ucAT, uBIN)(l) is gener-
ated from the fully conditional posterior distribution of (Ug"c7 ucAT ygBIN )
(1)

given data, IZJ\(U[I)QC,UCAT,UBIN and Rgo = I, and so on up to TK iy 4mg4ms—2

which is generated from the fully conditional posterior distribution of 7x
given data, (y,d), ¥

T"1+m2.+m3_2
and Rgy = 1,,,,, to complete one iteration
\(TK, , , —2)
my+motms

of the Gibbs sampler. After ¢ iterations (¢ large) Geman and Geman (1984)



showed that () under mild conditions, is a sample from the joint posterior
distribution of .

The fully conditional posterior distributions that define one possible imple-
mentation of the Gibbs sampler are: Let # = (b/,a’)’, W = (X,Z), and D! =

I, (02)” 0
oy —1 ) then 9‘ (yva)aw\eyRQQ - I7n4 ~ p+Nm (N@aA9)7
O Ip2 (02)
where
o =AW’ (I, oR) 'y (1)
and
(X I,®R)'X+D! X' (I, oR)'Z @
0 Z (I, 9R)"'X Z (1, oR)'Z+A1eG!

i , -1 D! 0
=W (I, ®R) W+< 0 A_1®G_1>

Define ay; as the N x m matrix, where the j'th row is a;-, j=1,...,N. Then

G|(y,0), 0ha ~IWn ([Zél + a?va_laM]_l fa + N)

and the fully conditional posterior distribution of R conditional on data, {\r
and Roo = I,,,, follows a conditional inverted Wishart distribution; where, un-
conditionally on Rao = I,,,,, we have:

—1
m + Z (u; — x;b — z;a) (0; —x;b — Zia)/] ,fR+n

i=1

~ IW,,

The following notation will be used for augmented data of animal i: U7"Y

is the vector of those U];s where j indices a censored (d;; = 0) right censored

Gaussian trait, an ordered categorical or a binary trait. Therefore, U;"Y may
differ in dimension for different animals, depending on the number of censored,
right censored Gaussian traits. The dimension of U;"Y is n{"Y. The fully
conditional posterior distribution of Uy’ given data, ¢\yeus and Rog = Iy,
follows a truncated n;"9-dimensional multivariate normal distribution on the
interval:



mi+ma -
H (1 (wi; > yiy)] " @)
Jj=mi+1
mi+ma+ms K;
X H Z (1 (Tjh—1 < wij < 7jk) 1 (yij = k)]
j=mi+mao+1 k=1
m

j=mi+ma+m3z+1

Mean and variance of the corresponding normal distribution before trunca-
tion are given by

1
(Xi(aug)P + Zi(aug) @) + Ri(aug) (obs)Ri(gpe) (Wicons) = (Xiobs)P = Zions)a))  (4)
and
-1
Ri(aug) = Riaug)(obs) Ri(ons) Ri(obs) (aug) (5)

respectively. X;(obs) and X;(qug) are the n?® x p and n{"? x p dimensional sub-
matrices of x; containing the rows associated with observed and uncensored
continuous traits, and those associated with augmented data of animal i, re-
spectively. Similar definitions are given to z;(ops) and z;(qug)- The dimension of
observed and uncensored Gaussian traits, ug®®, is n?* = m — nf". Ri(aug) is
n;"% x ni"¥ and is the part of R associated with augmented data of animal i.
Similar definitions are given to Ri(aug)(obs)a Ri(obs) and Ri(obs)(aug)'

The fully conditional posterior distribution of 7, for k = 2,..., K; — 2 is

uniform on the interval

[max {max {w;; : yi; =k}, Tjg—1}; min{min {w;; : y;; =k + 1}, Tjr41}]

for j =mq +mo +1,...,m1 + mo + ms.
Detailed derivations of the fully conditional posterior distributions can be
found in e.g. Korsgaard (1997).

3 Model including missing data

In this section allowance is made for missing data. First the notation is ex-
tended to deal with missing data. Let J (i) = (J1 (i),... ,Jm (1)) be the vector
of response indicator random variables on animal i defined byJj (i) = 1 if the
k'th trait is observed on animal ¢ and Jj (i) = 0 otherwise, k = 1,...,m. The
observed data on animal i is (y;, d;) (i) where (y;, d;) 300) denotes the observed



Gaussian, observed right censored Gaussian traits, with their censoring indica-
tors, observed categorical and binary traits of animal 7. An animal with record
is now defined as an animal with at least one of m traits observed of the Gaus-
sian, right censored Gaussian, ordered categorical or binary traits. The vector
of observed y's of animal i is y;(ops) = (yi)J(i), with 1< dim (yi(obs)) < m. Data
on all animals are (y,d);, where J = (J()),_; -

For missing data, the idea of augmenting with residuals (Wang et al., 1997)
is invoked. It is assumed that

Ui(obs)
Ui(aug) ‘ba a, R, R22 = Im4
Ez(mzs)
(Xi(obs)b + Zi(obs)a) Ri(obs) Ri(obs)(aug) Ri(obs)(mis)
~ Np (Xi(aug)b + Zi(aug)a) ’ Ri(aug)(obs) Ri(aug) Ri(aug)(mis)
0 Ri(mis)(obs) Ri(mis)(aug) Ri(mis)

The dimensions of Uj(ops)s Uiaug) and Ej(nis) are nf®®, ni™ and n

respectively, and m = n¢® + n{"? + n"*. U;(ys is associated with observed
and uncensored Gaussian traits, Uj(,.g) is associated with augmented data of
observed, censored right censored Gaussian and observed ordered categorical
and binary traits. E;(s) is associated with residuals on the Gaussian scale
of traits missing on animal i. The following will be assumed concerning the
missing data pattern:

mis
7 ]

(d) Conditional on w, data are observed/missing at random in the sense, that
J is stochastically independent of (U, C) conditional on w.

(e) Conditional on w, J is noninformative of w.

Under the assumptions (a)-(e), and having augmented with Uj(,,q) and
Ej(mis) for all animals (i.e. with (U(Ifc, UCAT,UBIN,EMIS)), it then follows,
that the joint posterior distribution of parameters and augmented data @ =

(w,Ué%C, ucAT gBIN, EMIS> is given by:



p (Y] (y, 6)3 ;Roz = 1,)

xXp ((Ya 5),] |¢a R22 = I’m4)p (¢|R22 = Im4)
=p ((Ya §)J ’U(I){C’ UCAT) UBIN’ EJV[IS““)’ R22 = Im4) p (w|R22 = Im4)
=p ((yv 6),] 7U§Ca UCAT; UBIN» EMIS‘wv R22 = Im4> p (W|R22 = Im4)

G R s\ i)
OCH 11 ([1(uz‘j>yz‘j)] J)

J; (i
mi+ma+ms K 30

n
X H H Z [1 (Tjk_l <wi; < Tjk) 1 (yij — k’)]
i=1 | j=mi+ma+1 | k=1

<11 11 [1 (i < 0)1(ysj = 0) +1(0 < wiy) 1 (ysy = 1))
i=1 _j:’m1 +mo+ms+1

X H [(2#)_m/2 IR|™? exp {; (u; — x;b — z;a) R7! (u; — x;b — zia)}]

i=1

where those rows of x; an z; associated missing data are zero, and where u;,
for j associated missing data on animal 7, is associated a residual, e;;.
Deriving the fully conditional posterior distributions defining a Gibbs sam-
pler proceeds as in the model with no missing data and with modifications
according to the missing data pattern.
Further details related the derivation of the fully conditional posterior dis-
tributions can be found in e.g. Korsgaard (1997).

4 Strategies for implementation of the Gibbs
sampler

Strategies for implementation are outlined for the case without missing data,
and where a priori b conditional on o7 and o3 follows a multivariate normal
distribution.

4.1 Univariate sampling of location parameters

The fully conditional posterior distribution of ¢ given data, ¢»g and Roy =
I,., is p + Nm dimensional multivariate normal distributed with mean p =
o and covariance matrix A = Ap given in (1) and (2) respectively. Let § =
(1,...,i— 1,44+ 1,...,p+ Nm), then using properties of the multivariate normal



distribution and relationships between a matrix and its inverse, it follows, that
the fully conditional posterior distribution of each element in 6 is:

9i| (ya(;) 71/}\&7 R22 = Im4
~ Ny (Mz' + NigAgp (05 — pp) , Mii — AzﬂAEEAm)
= N (G (ri — Cigbp) , Cy; )

where 7; is the 7'th element of r = W/ (I®@ R™") u and C = A~ is the coeffi-
cient matrix of the mixed model equations given by Cu = r. The solution to
these equations is p = Ar and C,;303 = C;0—C;0;, where C; is the i'th row of
the coefficient matrix and Cj; is the ¢/th diagonal element.

4.2 Joint sampling of location parameters

Sampling univariately from the fully conditional posterior distribution of each
location parameter in turn, may give poor mixing properties. Garcia-Cortés
and Sorensen (1996) described a method to sample from the joint fully con-
ditional posterior distribution of 6 given data, 1y and Ras = L, that can
avoid inverting the coefficient matrix C = Ay 1 of mixed model equations. The
idea behind this joint sampling scheme is, that a linear combination of normal-
ly distributed random variables again is normally distributed and proceeds as
follows: Let b}, b3, a* and e* be sampled independently from N,, (0,1,,07),
Np, (0,1,,,03), Nnm (0, A ® G) and Ny, (0,1, ® R) distributions, respective-
ly. Next let b* = (b¥,b%)" and 6* = (b*,a*)" and define u* as Wo* + e*,
then it follows that the linear combination of 8* and e* given by:

0" + AW’ (I, ® Rfl) (u—u*)
=AW (L, @R ) ut+ (I, - AW (I, @ R ) W) 0" — Ay W' (I, o R™!) &

follows a Npinm (e, Ag)-distribution. This is the fully conditional posterior
distribution of location parameters, 6, given data and 9. That is, having
sampled 6* and e*, then 6 = AgW’ (I, @ R™!) (u — u*) can be found solving
a set of mixed model equations given by: Ag_lg =W (,oR™) (u—u").

Finally 6* is added to 0 and the resulting value, 6*+ 6 , is a sampled vector
from the fully conditional posterior distribution of ¢ given data and .

4.3 Sampling of augmented data

The fully conditional posterior distribution of augmented Gaussian traits,

(U(I){C7 'U'CAT7 UBIN)

10



given data, w\(Uf)%C,UCAT,UBIN) and Ros = I,,,, will be sampled jointly. The

dimension of (U, UYAT UBIN) ig 3"  ni"?. Realising that U{"Ys of d-
ifferent animals are independent conditional on ”fixed” and random effects, it
follows that joint sampling of augmented Gaussian traits can be decomposed
into n steps. One step is to sample from the fully conditional posterior dis-
tribution of U™ given (y;,d;) and w conditional on Rgy = I,,,. This is a
n;"9-dimensional multivariate truncated Gaussian distribution on the interval
given in (3). Before truncation, mean and variance are given by (4) and (5),
respectively.

Let £ and ¥ be shorthand notation for the mean and variance of the fully
conditional posterior distribution of U{"Y before truncation. Then first uj;"
is sampled from a Ny (&1, 311)-distribution, truncated to the relevant interval.
Next ujy? is sampled from the fully conditional posterior distribution of Ugy*?
given U 1" = ug)"?, this is from a truncated Ny (52 + Y02 (ufy? — &) ,222.1)
-distribution. Finally, proceeding this way, u; ?.s is sampled from a truncated
univariate normal distribution with mean and variance before truncation given

by

g 6
gni.”"g + Zn‘.‘“g(l:n‘.“"g—l)E(ill.naugfl) - :
i i n aug
Y1) S(nre-1)
and
—1
Enf“gn?W — En?ug (1:”?“9 _1) E(l:n?ug_l) E(l;n?ug_l)n;lug
respectively.

Different ways can be chosen to sample from a univariate truncated Ny (u, 02)—
distribution on the interval I = ]s;;s3]. One possibility is sampling indepen-
dently from the untruncated Ny (,u, 02)—distribution and then only accept sam-
pled values that belong to the interval I. Let Y ~ N (,u,a2), if P(Y el
is very small this procedure is inefficient. The following procedure (e.g. De-
vroye, 1986) that avoids rejections is implemented. First x is sampled from a
R (0,1)-distributed random variable, X. Next, let z be given by

2 = F;l (Fy (51) +x (FY (52) - Fy (81)))

where Fy is the distribution function of Y, then z is a realised value from the
truncated Ny (u, 02)—distribution on I. The proof follows from (6) given below,
where Z is the random variable from which z is generated; z is a value between
s1 and s3:

11



P(Z <2) =P (Fy* [Fy (s1) + X (Fy (s2) — Fy (s1))] < 2) (6)
=P (Fy (s1) + X (Fy (s2) — Fy (s1)) < Fy (2)
- Fy (Z)*Fy (81)
=7 (X = Fy (s2) - By (31))
- Fy (Z) — Fy (81)
- Fy (82) — Fy (81)

4.4 Sampling of covariance matrices

The fully conditional posterior distribution of the residual covariance matrix,
R, of Uj;, is conditional inverse Wishart distributed. The conditioning is on
a block diagonal submatrix, Ras, equal to the identity matrix of the inverse

Wishart distributed matrix, R = Ri Ris . Note, that if the number
Ro1 Rae

of binary traits is equal to zero, the fully conditional posterior distribution of
R is inverse Wishart distributed. In order to obtain samples from the condi-
tional inverse Wishart distribution, the method described in Korsgaard et al.
(1999) is implemented. The method relies on well-known relationships between
a partitioned matrix and its inverse, and properties of Wishart distributions.
The method is as follows: Let R ~ IW,, (%, f) and let V = R™!, where V
by definition is Wishart distributed, V.~ W,,, (3, f). Next R is expressed in

Vf11 + (Vf11V12) V2721-1 (Vf11V12)/ - (Vf11V12) Va21
—Vaaq (V1_11V12)/ Vi ’
where Vas.q = Voo — V21Vf11V12 = Rgzl. From properties of the Wishart
distribution, it is known that Vi3 ~ Wi, (211, f), (VﬁlVlg) [Vii =vip ~
Non—ma)yxms (211 212, Vit ® Eaa.1), where £og.q = Ugp — 891 577" 515 and that
V22.1 ~ Wm4 (222.1, f - (m — m4)) Furthermore (VH,Vl_llVlg) is stochasti-
cally independent of Vag.;. Realising that Raa = 1,5, is equivalent to Vag.; =
I,,,, it follows that a matrix sampled from the conditional inverse Wishart dis-
tribution of R given Rgy = I,,,, can be obtained in the following way: First
vi; is sampled from the marginal distribution of Vi;. Next to is sampled
from the conditional distribution of (Vl_llVlg) given Vi1 = vy;. The matrix
_ < v oty —to
_tl2 Im4

verse Wishart distribution of R given Rao = 1,,,,.

In order to obtain samples from a Wishart distribution, the algorithm of
Odell and Feiveson (1966) is implemented. The basic idea in their algorithm
can be summarised as follows: Let V ~ W, (X, f) and let LL’ be a Cholesky
factorisation of ¥, i.e. ¥ = LL’. A realised matrix, v, can be generated from

terms of V: R:(

> is then a realised matrix from the conditional in-

12



the distribution of V, by sampling w from a W,, (I, f)-distribution, then v
given by LwL/ is a realised matrix from the desired Wishart distribution.

Using successively the properties already given of the Wishart distribution,
a realised matrix, w, from W ~ W, (I,,,, f) can be generated as follows:

wyy is sampled from Wiy ~ Wy (1, f) = x2 (f)

ty is sampled from W1711W12|W11 = w1 ~ Ny (O,wﬁl)

wag.1 is sampled from a Wi (1, f — 1)-distribution

Woo given by ( i / Witz

(wi1ta)”  wao + thwiits

the distribution of W22 ~ W2 (IQ, f)

For + = 3 and up to m, the dimension of W, we proceed as follows:

ti is Sampled from TZ = W&il)(ifl)w(l:i—l)i|W(i—1)(i—l) = W(i—l)(i—l) ~

) is then a realised matrix from

N;_4 (0, W&il)(i_l)). W (1:i—1); is used as notation for the (( — 1) x 1)-dimensional
vector of elements (Wji)j:u_1 of W and W ;_1)(;_1) is the (i — 1)-dimensional
square matrix of W, with elements (W), ,_, ;
Wy;.(;—1y is sampled from a Wy (1, f — (i — 1)) = x> (f — (i — 1))-distribution
Wii-1)6-1) W(¢71/)(z‘71)tz‘
(Wei—1)-nti)  Wisg—1) + EWe— -1t
alised matrix from the distribution of W;; ~ W; (L;, f)

At the end w = w,,,,, is a realised matrix from the distribution of W ~
Wi (I, f)-

w;; given by ) is then a re-

5 Conclusion

A fully Bayesian analysis of Gaussian, right censored Gaussian, categorical and
binary traits using the Gibbs sampler and data augmentation has been outlined.
The method has been implemented as a module to DMU (Jensen and Madsen,
1994) following the strategies for implementation outlined. In the program it is
possible to choose between univariate or joint sampling of all location param-
eters. Augmented data are sampled jointly, using the method of composition,
from their truncated multivariate normal distribution. Covariance matrices are
sampled from inverted or conditional inverted Wishart distributions depending
on the absence or presence of binary traits, respectively. The Gibbs sampler
has only been outlined for models with additive genetic effects. It is easy to
generalise to more independent random effects and this has been implemented.
The models are also allowed to include maternal effects correlated with animal
effects. For models including binary traits, the residuals of liabilities of binary
traits are assumed to be independent. In cases with two or more binary traits
included in the analysis, this is a restriction. It is not a restriction with only one
binary trait included in the analysis and in this case, the method implemented
avoids the ad hoc scaling procedure described in Van Tassell (1998).
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6 Appendix

The convention used for Wishart and inverted Wishart distributions follows
Mardia et al. (1979). Let M ~ W, (X, f), the density of M is up to proportion-
ality given by (for ¥ > 0 and f > p):

_f (U=p=1) 1
p) o 3174 g e { - o () |

The mean and variance of M are given by: E (M) = fX and Var (M) =
2fE®X.

Let U = M™!, then U is said to have an inverted Wishart distribution. The
density of U is up to proportionality given by:

(ftp+1)

p(U) |Z|7% U™ = exp {—%tr (E_IU_I)}

The mean of U is given by E(U) =X71/(f—p—1)if f >p+2.
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